The honeycomb K − Γ model is known to have both deconfined spin liquid and confined phases. We study here a confinement transition between the Kitaev spin liquid and a dimerized phase in the limit of strong bond anisotropy. By partially projecting out Majorana states we are able to map the model onto a model of weakly coupled Ising chains in a transverse field. Within this mapping the ordered Ising phase corresponds to the condensation of Z2 fluxes, or confinement. Our results may improve our understanding of the extensively studied spin liquid candidate material α-RuCl3, where K − Γ interactions are dominant.
One of the defining characteristics of quantum spin liquid phases is the high level of quantum entanglement in their ground state [1] . These states are commonly associated with deconfined gauge degrees of freedom on a lattice [2] [3] [4] [5] . More commonly, however, spin systems tend to order magnetically, in which cases their ground states are continuously connected to product states with zero entanglement entropy. By tuning a given system away from its spin liquid ground state towards a magnetically ordered state one must cross a confinement transition followed by breaking of time reversal symmetry.
A good understanding of such transitions is of great importance in studying possible spin liquid materials. One such candidate spin liquid material is α-RuCl 3 , a layered honeycomb Mott insulator which orders magnetically at temperatures well below its Curie-Weiss scale, most likely due to frustrated magnetic interactions [6, 7] . Furthermore, a broad continuum in inelastic neutron scattering spectra may indicate the existence of fractionalized excitations [8] [9] [10] [11] . Much of the recent experimental effort has focused on the intriguing paramagnetic phase obtained by applying an in-plane magnetic field [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . Due to α-RuCl 3 's lattice structure Kitaev interactions are dominant, and therefore it has been proposed that it is parametrically close to a Kitaev spin liquid (KSL) [22, 23] . Specifically, one scenario suggests that by applying a magnetic field the system undergoes a deconfinement transition into a spin liquid phase. Kitaev interactions are not, however, the only dominant spin-spin interactions, and off-diagonal symmetric, or Γ interactions, must be considered at an equal footing [24] [25] [26] [27] [28] [29] . Nearest neighbor and longer range Heisenberg interaction are also present but weaker.
The Kitaev − Γ, or K − Γ, model is known to exhibit both a spin liquid phase -in the pure Kitaev case -and at least one magnetically ordered phase [30] . The nature of the two phases is completely different. The spin liquid phase is characterized by deconfined Z 2 gauge degrees of freedom and fractionalized Majorana excitations [22] , whereas the magnetically ordered phase is confined in the gauge theory sense and its excitations are standard spin waves. Between the two phases one thus expects a confinement transition, associated with the condensation of Z 2 fluxes. Although the K − Γ model has been studied using a variety of approaches [31] [32] [33] [34] [35] [36] [37] [38] , there is no known framework which gives an accurate account of such confinement transitions. In the following we show that it is possible to work out the details of a confinement transition in the case of strong bond anisotropy. Specifically, we propose to study the anisotropic
(1) where S α i are spin-1/2 operators located at sites i of a honeycomb lattice, and i, j denote bonds of types x, y or z extending from a site i on sublattice 1 to site j on sublattice 2, see Fig. 1 . We focus on the case of strong anisotropy in the Kitaev interaction, |K z | ≫ |K x |, |K y |.
In the extreme limit, K x = K y = 0, each of the zbonds is isolated, with a product state for the ground state. We take Γ z > 0, and for the most part consider the case K z < 0, where the ground state is dimerized,
and is obviously confined in the gauge theory sense. How-ever, unlike the magnetically ordered case, it does not break time reversal symmetry. This state is stable to small perturbations, such as small K x and K y , since it is non-degenerate and gapped to all excitations. In the opposite limit, Γ z = 0, we arrive at Kitaev's model, which, being in a deconfined phase, has a highly entangled ground state. We note that the ground state of the anisotropic Kitaev model has the same symmetries as the dimer state in Eq. (2), and in fact, it is specifically this high entanglement which differentiates between them. Our plan is to study the confinement transition between the Kitaev and dimerized states in the limit of small K x,y and Γ z via an effective low-energy Hamiltonian. To this end we follow Kitaev [22] , and rewrite H using four Majorana fermion operators on each site
Thus,
The HamiltonianH operates in a larger Hilbert space than that of the original Hamiltonian H, a fact reflected by its gauge symmetry. Explicitly, it is invariant under local Z 2 gauge transformations, 
obtained by replacing the ib α i b α j inH by u ij . In the limit K x = K y = 0 they are eigenstates of the operators ic i c j on z-bonds with eigenvalues ±1, and the degenerate ground-state manifold ofH consists of products |ψ u = |u ⊗ |φ u obeying u ij ic i c j = K z /|K z | for i, j ∈ z. Since excited c-fermion states are gapped their effect on the low-energy physics is captured by standard degenerate perturbation theory in K x,y and Γ z . The first non-trivial contribution of K x,y to the effective Hamiltonian reads H eff (Γ z = 0) = −∆ v p w p , where w p = i,j ∈p u ij = ±1 measures the Z 2 gaugeinvariant flux through a hexagonal plaquette p and
3 is the energy of a vison, i.e., a w p = −1 flux excitation [22] .
In order to evaluate the leading contribution of the Γ z term to H eff we need its matrix elements between states in the degenerate manifold. For what follows we find it convenient to fix the gauge and consider only |ψ u for which u ij = 1 on all z-bonds. Other states are related to this form by the action of gauge transformations D i , which change u ij → −u ij and c i → −c i . The invariance D iH D i =H implies the invariance of the matrix elements under such transformations. Thus, within the chosen gauge sector, a matrix element of the Γ z term on a given bond ij ∈ z takes the form
provided that u and u ′ share the same set of u ij for all ij ∈ z, and vanishes otherwise. Here we have used the condition that determines the |ψ u manifold.
Eq. (6) indicates that while the presence of Γ z interactions does not change the fact that the u ij 's are good quantum numbers for z-bonds, it renders the u ij 's on x and y-bonds truly dynamical effective spin-1/2 degrees of freedom. Consequently, it is useful to formulate H eff in terms of operators acting on the latter. For this purpose we note that the operator ib 
Further progress is facilitated by employing the constraint D i D j = 1 for i, j ∈ z, which partially projects the model onto the physical space. In particular, it eliminates states with unphysical energies on the isolated bond. In terms of the Majorana operators it becomes
where in the last step we have evaluated the operators in the |ψ u subspace. At this point it is possible to collapse the z-bonds onto points on a rhombic lattice, and consider the u ij degrees of freedom on the remaining x and y-bonds, see Fig. 2 . Denoting the points on the new lattice by r we recast H eff into
where each site r has four connected bonds, denoted by r, r±x and r, r±ŷ. The constraint, Eq. 
Within this constraint, half of the bonds can be treated as dependent degrees of freedom [39] . Consider, for example, site r in Fig. 2 . We can use Eq. (10) to express σ and σ 2 r,r−ŷ on other sites of the A sublattice. Hence, we take the former to be dependent on the latter. The roles are reversed for points r on sublattice B. Once the dependent degrees of freedom have been eliminated in favor of the independent bonds, the effective Hamiltonian commutes with σ 3 on the dependent bonds and we can simply set them to σ 3 = 1. The result for K z < 0 is 
When K z > 0, the Γ z term is expected to additionally scale as (K x,y /K z ) 4 since lower order terms cancel each other when applying Eq. (10) to Eq. (9) .
The final stage of the calculation consists of a duality transformation which maps H eff onto a model of disconnected quantum Ising chains, with spin-1/2 degrees of freedom on the points of the dual lattice, see Fig. 2 . To do so we define a new set of dual spin-flip operators in terms of the independent bond operators 
These two sets of operators correspond to the e and m excitations in Kitaev's work [22] . At the same time, µ 3 r is defined as a product of σ 2 operators on a semiinfinite string, running parallel to the original z-bonds, and which terminates at the plaquette above r 
we finally obtain the dual Hamiltonian
describing a set of decoupled quantum Ising chains. When Γ z /2 > ∆ v this dual model is known to transition into an ordered phase [40] , which corresponds to condensation of visons in the original model, and therefore, to confinement. For K z < 0 this happens at
This is the main result of our calculation. To support it we performed density-matrix renormalization-group (DMRG) [41] calculations of the K −Γ z model on a cylindrical 6 × 16 site system and calculated the entanglement entropy S for a bi-partition cutting only x and y-bonds. In the dimerized phase, for weak K x,y , the z-bond dimers are only weakly entangled and S is expected to be small. In the deconfined phase, however, there is a contribution to the entanglement entropy coming from the gauge sector. Specifically, for the Kitaev honeycomb spin liquid the gauge sector (b-fermions) entanglement entropy for a bi-partition cutting 2L bonds is given by [42, 43] S G ≃ (L − 1) ln 2. Fig. 3a shows S as a function of Γ z for different values of K x,y . At low Γ z S is slightly above 2 ln 2 as expected for a Kitaev spin liquid on a cylinder with a 6 bond circumference. The excess entropy comes from the gapped c-fermions. A confinement transition to the dimerized state is seen as a drop in S, and occurs at lower Γ z as K x,y is decreased. The critical values of Γ z are plotted in fig. 3b , and approximately follow Eq. (16), in support of our calculation. In the following we discuss some generalizations, which go beyond our model, Eq.
(1), in its strong anisotropy limit.
Tuning towards the isotropic limit. As K x,y increase, terms of orders higher than (K x,y /K z ) 4 must be included in Eq. (7). They translate into µ 1 r µ 1 r ′ terms, which decrease with |r − r ′ | and introduce weak interactions between the otherwise decoupled Ising chains in Eq. (15) . Thus, the critical behavior is expected to belong to the three-dimensional Ising universality class. Since a pair of neighboring visons have a lower energy than the two isolated visons, it is likely that as the model is tuned towards the isotropic point the critical Γ z will be lower than twice the bare vison gap 2∆ v . Note, however, that ∆ v itself grows rapidly with K x,y , making the deconfined region larger in the isotropic limit. Eventually, the c-fermions become gapless and our treatment breaks down.
Other spin-spin interactions. The Heisenberg interaction J(S ) on z-bonds can be treated on equal footing to the Γ z term. Its order J contribution to H eff vanishes within the physical space when K z < 0, but survives for K z > 0 and couples the Ising chains. On the other hand, Γ and Heisenberg terms on x and y-bonds do not preserve the choice of gauge, which we have used, and therefore lie outside the scope of the present framework.
Effect of a magnetic field. Consider, for example, the perturbation −h i (S x i +S y i ) due to a magnetic field h = (h, h, 0). For K z < 0, and to leading order in h within the physical space it shifts the strength of the Γ z term to Γ z − 4h 2 /|K z |. Thus, when starting in the Γ z > 2∆ v confined dimerized phase, increasing the magnetic field suppresses the Γ term and may induce a deconfinement transition. We note that this effect, of order h 2 , is more relevant than the time reversal symmetry breaking h 3 terms considered in studies focusing on a possible chiral spin liquid phase in α-RuCl 3 [44] [45] [46] [47] [48] [49] [50] .
Conclusion. Starting from a model of anisotropic local spin interactions on a honeycomb lattice, we determined the phase boundary between a deconfined KSL phase and a confined dimerized phase. It is difficult to directly apply our results to α-RuCl 3 since the bond anisotropy is not expected to be as large as considered here. Furthermore, non-negligible Heisenberg interactions probably exist in the material, stabilizing a magneticallyordered confined phase rather than the dimerized confined phase of the model above. A dimerized state has been observed in α-RuCl 3 under pressure [51] [52] [53] , but it is most likely not the same as in Eq. (2). Nevertheless, we do expect the framework outlined here to be a good starting point for more detailed discussions of confinement transitions in α-RuCl 3 and similar materials.
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